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Let M be a smooth closed orientable surface. Let F be the space of Morse functions on M, and F 1 the 
space of framed Morse functions, both endowed with C°°-topology. The space F° of special framed Morse 
functions is defined. We prove that the inclusion mapping F° ^ F 1 is a homotopy equivalence. In the case 
when at least x{M) + 1 critical points of each function of F are labeled, homotopy equivalences K ~ At 
and F ~ F° ~ x K are proved, where K is the complex of framed Morse functions, Ai ~ F 1 / @° 
is the universal moduli space of framed Morse functions, S>° is the group of self-diffeomorphisms of M 
homotopic to the identity. 
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CneiinajibHbie ocHaiueHHbie 4)vhkiihh Mopca Ha noBepxHOCTax 

E. A. KyupaBijeBa 

AHHOTaD,HH 

IlycTb M — rjia^Kaa 3aMKHyTaa opHCHTHpyeMaa noBepxnocTb. IlycTb F - npocTpancTBO cpyHK- 
d,hh Mopca Ha M, h F 1 - npocTpaHCTBO ocHameHHbix 4>yHKiniH Mopca, CHa6:sceHHbie C°°-TonojiorHeH. 
Onpe/i,ejieHO npocTpaHCTBO F° cneHiiajibHbix ocHameHHbix cpyHKinifi Mopca h ,iiOKa3aHO, hto OTo6pa- 
jKCHiie bkjhohchhh F° «-> F 1 HBjiaeTCH roMOTonnHecKoii SKBHBajieHTHOCTbio. B cjiynae, Kor^a y jno6oii 
(hyHKUHH H3 F OTMeneHO He MeHee HeM x{M) + 1 kphthhcckhx tohck, ,n,OKa3aHbi roMOTomiHecKHe 
SKBHBajieHTHOCTH K^AinF^F ^ x K, rpfi K - KOMnjiCKC ocHanj,eHHbix 4)yHKH,Hii Mopca, 
Ai p» F 1 /^ - yHHBepcajibHoe npocTpaHCTBO MOflyneft ocHameHHbix cpyHKHHH Mopca, 2>° - rpynna 

^,H(J)4)eOMOp(hH3MOB M, TOMOTOnHblX TOJK/jeCTBCHHOMy. 

KjHoneBbie cjioBa: (hyHKiniH Mopca, ocHamcHHaa (hy HKlrH51 Mopca, KOMnjiexc ocHameHHbix 
cpyHKHHH Mopca, C°°-TonojiorHa, yHHBepcajibHoe npocTpaHCTBO MO/ryjieft. 

1. BBefleHHe. HacToauiaa pa6oTa HBjiaeTca nponpjiJKeHHeM pa6oT [TJ [2] no HHyneHHio Tonojiornn 
npocTpaHCTBa F = F{M) cbyHKHHH Mopca Ha rnanKoli 3aMKHyToft opneHTHpyeMoft noBepxHOCTH M, 
CHa6jKeHHoro C°°-TonojiorHeH. B pa6oTe [T] BBeneHO noHHTHe ocHameHHoft cpyHKHHH Mopca (cm. onpe- 
neneHHe [1]) h npicasaHa roMOTonnuecKaH SKBHBaneHTHOCTb F ~ F 1 npocTpaHCTBa F abyHKiiiin Mopca 
h npocTpaHCTBa F 1 = F 1 (M) ocHameHHbix qbyHKruiil Mopca (PQ 12])- B HacToaineii pa6oTe onpenejieHO 
npocTpaHCTBO F° = F°(M) cneHiiajibHbix ocHameHHbix abyHKiiHli Mopca h npKa3aHO, hto OTo6pajKeHHe 

BKJHOHeHHH F° F 1 HBJIHeTCH TOMOTOnHHeCKOH 3KBHBajieHTHOCTbK>. CorjiaCHO [3j [2], B 6ojIbIHHHCTBe 

cjiyuaeB (cm. ([lUp ) HMeeTca roMOTomiuecKaH SKBHBajieHTHOCTb F 1 ~ R x Ai, pre R = R(M) - o/nro 
H3 MHoroo6pa3HH MP 3 , S x S h TOHKa (cm. ([§])), a Ai = Ai(M) - MHoroo6pa3He, roMeoMopcpHoe 
yHHBepcajibHOMy npocTpaHCTBy Monyjieii ocHameHHbix cpyHKHHH Mopca. Mbi HOKa3biBaeM, hto KOMnjiexc 
K = K(M) ocHameHHbix (pyHKHHH Mopca (cm. E]) HBjiaeTCH CHjibHbiM necbopMaHHOHHbiM peTpaKTOM 
MHoroo6pa3HH Ai. TeM caMbiM, mm noKasbreaeM roMOTonHHecKyio 3KBHBajieHTHOCTb F ~ R x K. 
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063op pe3yjibTaTOB o cbh3hbix KOMnoHeHTax npocTpaHCTBa cpyHKinni Mopca Ha noBepxHOCTH, kojih- 
necTBe h TonojiorHH ero op6iiT npn fleiicTBHH flHcpcpeoMopcpH3MOB, o TonanorHii npocTpaHCTB cpyHKirnH 

C yMepeHHblMH OCo6eHHOCTHMH, CBH3H C HHTerpHpyeMBIMH CHCTeMaMH HMeeTCH B [1] (cm. TaKJKe |6]-[H]). 

2. OcHOBHtie noHHTHH h cpopMyjmpoBKa ocHOBHoro pe3yjitTaTa. 

Onpe,a,ejieHHe 1. IlycTb M — rjia/rKan (T.e. Kjiacca C°°) CBH3Haa 3aMKHyTaa noBepxHOCTb. 

(A) IlycTb F := F P) q )r (M) — npocTpaHCTBO (pyHKHHii Mopca Ha M, HMeiomnx pobho p KpHTHnecKHX 

TOHeK JIOKajIbHblX MHHHMy MOB , q CeflJIOBblX TOHeK H r TOHeK JIOKajIbHblX MaKCHMyMOB. ^JIH KaJKflOH 
CpyHKHHH / G F o6o3HaHHM Hepe3 Cf t \ MHOJKeCTBO ee KpHTHHeCKHX TOHeK HHfleKCa A G {0,1,2}, H 

Cf := Cffl U Cf t \ U C/,2- 06o3HaHHM nepe3 F 1 no/nipocTpaHCTBO b F, cocToamee H3 cpyHKinni Mopca 
/ G F, y KOTopbix Bee jioKajibHbie MHHHMyMbi paBHbi —1, a Bee jioKajibHbie MaKCHMyMbi paBHbi 1. 

(B) OcHau^eHHOu gjyHKi^ueu Mopca na opuenmupoeaHHOu noeepxHocmu M (cm. [T| §9]) Ha3biBaeTCH 
napa (/, a), r^e / G F — (pyHKiniH Mopca Ha M, a — 3aMKHyTaa 1-cpopMa Ha M\ (Cf^UCfp), TaKHe hto 
2-cpopMa (if A a He HMeeT Hyjieli b M\Cf h 3a,n,aeT nojioJKHTejibHyio opHeHTainno, h b OKpecTHOCTH jik>6oh 
KpHTHHecKoft tohkh x £ Cf cymecTByioT JioKajibHbie KoopflHHaTbi u, v, b kotopmx jih6o / = u 2 — v 2 + f(x), 
a = d(2uv), jih6o / = Xf tX (u 2 + v 2 ) + f(x), a = Kf )X ^^rffi ? r fl e = const ^ 0. 06o3HanHM nepe3 
F 1 := (M) npocTpaHCTBO ocHameHHbix cpyHKHHH Mopca (/, a), TaKHx hto / G F . CHao/uiM C°°- 
TonojiorHeft npocTpaHCTBa F, F 1 (cm. [TJ §4]). 

H3 TeopeMbi C.B. MaTBeeBa (cm. [9j) ane/ryeT, hto ttq(F) = 0. 

06o3HaHeHHe (nepMyTos/rp h ero rparoi). IlepMymoadp nopadKa g£N — sto BbinyKjibift (q — l)-MepHbiH 
MHororpaHHHK, BjioJKeHHbm b g-MepHoe npocTpaHCTBO, BepuiHHbi KOToporo nojiyneHbi nepecTaHOBKaMH 
Koop,a,HHaT BeKTopa (1, . . . , q). OnnnieM ero no^poGHee: nycTb e\, . . . , e q - CTaH,n,apTHbiH 6a3HC R q , h nycTb 

V q ^ 1 CK'- BbinyKjian o6ojionKa MHOJKecTBa ToneK P p = Ylk=i ~ ^T^j e Pk > P ^ ^g- nepMyTos^p T" 1 ^ 1 
HMeeT pobho q\ BepuiHH P„, p G Eg, a ero (q — s)-MepHbie rpaHH HaxoflHTCH bo B3aHMHO o,HH03HaHHOM 
cooTBeTCTBHH c ynopH^OHeHHbiMH pa36neHHHMH J = ( Ji, . . . , J s ) MHOJKecTBa {1, . . . , q} Ha s HenycTbix 
no,a,MHOJKecTB Ji,...,J s . A HMeHHO, rpaHb tj, OTBenaiom,aH pa36HeHHio J - 3to BbinyKjiaa o6ojiOHKa 
MHOJKecTBa ToneK (E ri x E r . 2 _ ri x . . . x E rs _ rs _ 1 )(Pp), rfle nncjia = r$ < r% < . . . < r s _i < r s = q h 
nepecTaHOBKa p G E g o,n;H03HaHHO onpeflejiaioTCH ycjioBHHMH 

J\ = {pi, ■ ■ ■ ,Pn}, J2 = {Pn+l, ■ ■ ■ ,Pr 2 }> •••) Js = {Pr s -!+l, ■ ■ ■ , Pr s }, (1) 

pi < ... < p n , p ri +i < ■ ■ ■ < Pr 2 , ■ ■ ■ , Pr s -!+i < ... < Pr B - 3flecb E ri x E r2 _ n x ... x E^-r^j - no^rpynna 
rpynnbi E g , OTBenaiomaH pa36HeHHio {1, . . . , q} = {1, . . . , r\] U {n + 1, . . . , U . . . U {r s _i + 1, . . . , r s }, 
h fleitcTBHe nepecTaHOBKH a € E g Ha TOHKe P p flaeT TOHKy P api r,a;e (pp)i := p ai , 1 < i < q. H3 
onHcaHHH rpaHeii MHororp aHHHKa V q ~ l cjie^yeT, hto ycjiOBHe tj C 8tj paBHOCHjibHO TOMy, hto pa36neHHe 

J nojiynaeTca H3 pa36HeHHH J nyTeM H3MejibneHHH. 

^jih KajKfloft (pyHKi^HH / 6 F paccMOTpHM MHOJKecTBO Cf t i =: {yj}j =1 ~ {l,...,q} ee ce/ijioBbix 
KpHTHHecKHX TOHeK (cm. onpeflejieHHe [TJA)) h eBKjiHflOBO BeKTopHoe npocTpaHCTBO 0-Kon;eneH 

H° f := C°(C f y,R) = R ^ 1 ^ R q . (2) 

PaccMOTpHM b npocTpaHCTBe H® MHororpaHHHK V'j 1 C H®, hbjihkih];hhch o6pa30M nepMyT03,a,pa P q ~ l c 
R q npn KaKOH-jin6o Ghckhhh — > {1, . . . , q}. PaccMOTpHM "BbiHHCjunon;yK)" 0-KOH,enb 

c = c(f) := f\ CfA = (ci, . . . , c q ) G (-1; l) c /.i C H° f , 

conocTaBjiHiomyio cefljioBolt Tonxe yj G Ct \ 3HaneHHe Cj := f(yj), 1 < j < (7- ConocTaBHM 0-Kon;enH 
c = (ci, . . . , c q ) ynopH^oneHHoe pa36neHHe J = J(c) = (Jj, . . . , J s ) MHOJKecTBa ce^eji ~ {1, . . . , q}, 
onpe^ejiaeMoe CBoficTBaMH (JTJ) h c pi = . . . = c Pn < c Pri+1 = . . . = c Pr2 < . . . < c Prg _ i+1 = . . . = c Prs . (To 
ecTb, J - sto OTHonieHHe nacTHHHoro nopH,a,Ka Ha MHOJKecTBe ce^eji Cf t i 3HaneHHHMH cpyHKH,HH f\c fl -) 
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Onpe,a,ejieHHe 2 (cnenriajibHbie ocHarueHHbie cpyHKUHH Mopca). (A) Cenapampucou ocHameHHoii (pyHK- 
ihih Mopca (/, a) G F Ha30BeM o6pa3 TaKolt HHTerpajibHoii TpaeKropnn 7: (0, 1) —¥ M \ Ct nojia a,n;ep 
1-cpopMbi a, flJiH KOTopoti 06a npe^ejia lim t _>Q+ j(t) h lim t _ >1 - j(t) cymecTByioT n npHHa/iJiejKaT mhojkc- 
CTBy Cf, h xoTa 6bi oflHH H3 3thx npe^ejioB HBjiaeTca ce/yioBoii tohkoh. 

(B) OcHain;eHHyio cpyHKinno Mopca (/, a) G F 1 Ha30BeM cnev^uajimou, ecjiH jih6o g = (T.e. y 
(pyHKUHH H3 F OTcyTCTByioT cefljioBbie KpHTHHecKHe tohkh), jih6o BbinojiHeHbi cjie/ryiomHe ycjioBHH: 

(i) Ha6op c(/) G ceflJiOBbix KpHTHnecKHX 3HaneHHH npHHaflJieJKHT MHororpaHHHKy ^rf'Pj -1 ; 

(ii) nycTb r - OTKpbiTaa rpaHb MHororpaHHHKa ^J" 1 , coflepxamaa TOHKy 2^ic(/), 11 nycTb J = 
(Ji,...,J s ) - cooTBeTCTByiomee ynopsmoneHHoe pa36neHHe MHOJKecTBa ce,a,eji Cf t \ Ha HenycTbie 
no^MHOJKecTBa, T.e. r = t 9_s ; Tor,a,a fljia jiioGbix ,a,Byx ce^eji ?/j G C/i H3 o^Horo h Toro JKe 
no/i,MHOJKecTBa J^. pa36neHHH (1 < k < s) He cymecTByeT cenapaTpncbi, coe/niHaiorueH g/j h j/j. 

IlycTb F° := Fp qr (M) - npocTpaHCTBO cnenTiajibHbix ocHameHHbix (pyHKinift Mopca. 

Tpynna ,a;H(pcpeoMop(pH3MOB Sr 1 := Diff(M) ,a,eHCTByeT cnpaBa Ha npocTpaHCTBe F 1 oneBH^HbiM 06- 
pa30M (cm. [TJ o6o3HaHeHHe 2.3]). OneBHTnro, hto F° HBjiaeTca f^-HHBapnaHTHbiM. 

TeopeMa 1. Tlycmb M — 3aMKHyman opuenmupoeaHHaH noeepxHocmb, F = Fp gr (M) - npocmpan- 
cmeo (fiynKi^uu Mopca na M, F° C F 1 — coomecmcmeymvuuc npocmpancmea ocnawfinnux (pyHKi^uu 
Mopca (cm. onpe^ejieHHH [TJ [2D . Omo6pawcenue bkakihchuk F° <-)■ F 1 neAnemcn zoMomonuuecKOU skbu- 
eaJieHmHocmbio, npuueM coomeemcmeywmue omo6paotceHusi u zoMomonuu Mozym 6urrib eu6panu 
9KeueapuaHmHUMU u coxpansiKiu^uMU omo6paotceHue F 1 — > M p+q+r /Y> p+q+r , (/, a) 1— > Cf. 

3. /^OKa3aTejitCTBO TeopeMbiQ} IIpeflnojiojKHM, hto hhcjio ce^eji q > 1. QnKCHpyeM BemecTBeHHoe 
hhcjio k > 0. Tax KaK V q ~ l C ^Y~] q > T0 ^V q ^ 1 C (—3?; ^) 9 . PaccMOTpHM oTo6pa»ceHHe 

vr K : M 9 -4 /tP 9 " 1 , 

nepeBOflamee jno6yio TOHKy c G M 9 b Taxyio Tonicy c' G kV 1-1 , hto [c — c'j < |c — c"\ fljra jno6ofi tohkh 
c" € nV q ~ l . B CHjiy BbinyKjiocTH nepMyTosflpa TaKoe OTo6pa»ceHHe e/i,HHCTBeHHO. 

OmccHpyeM ocHam;eHHyio cpyHKii;Hio Mopca (/, a) E F 1 . Bbi6epeM KaKyio-HnGy^b HyMeparniio C/i ~ 
{1, . . . , (7} MHOJKecTBa ce^jioBbix ToneK, h c ee noMombio OTOJKflecTBHM H® = W 1 h "Pj 1 — V q ~ x . IlycTb 
7r K j : Hj — > _ KOMno3Hu;Hii iJy = R 9 ^> kV q ~ 1 = nVj -1 . PaccMOTpHM Ha M\{Cffi\JCf^) rjia,n;Koe 

nojie HeoTpHii;aTejibHO onpe^ejieHHbix b KajKfloii TOHKe KBaflpaTHHHbix cpopM (df) 2 + a 2 . AHajiorHHHO 
pHMaHOBbiM MeTpHKaM, 3TOMy nojuo KBa/i;paTHHHbix 4)opM OTBenaeT (pyHKii^HH ^jiHHbi L(j) peryjiapHbix 
KycoHHo-raa^KHx nyTeit 7 Ha M \ (Cf t Q UC^). Onpe,a,ejiHM paccToaHHe p(x,y) = pf i(X (x,y) := inf(L(7)), 
x,y G M \ (C^o U Cf 2)1 r^e hhjkhjis rpaHb 6epeTca no peryjiapHbiM KycoHHO-rjia,n,KHM nyTHM 7 Ha 
noBepxHOCTH M\(C f fiUC f 113 x B 2/- Onpe,a,ejiHM Bem,ecTBeHHoe hhcjio dj^ j 2 = dj 2 ,ii P aBHtIM paccTOHHHio 
P},a{Vh,Vh) MejKfly ce^jioBbiMH TOHKaMH y h h y J2 npn 1 < ji < j 2 < 9- IlycTb c(/) = (ci,...,c 9 ) G 
(— 1; l) 9 - Ha6op cefljioBbix 3HaHeHHli. IIojiojkhm 

e = e(/ ; a) := - min 1 1, min dj 1 , 2 , 1 — max [c,-| 1 G ( 0; - 
3 [ i<ji<i2<g ' i<j<g J \ 3 

c' = (ci, . . . , c' q ) := vr_ fT , / (c(/)) G -^-(Pf 1 C (-|; |) C " C (-1; l) c ^ = (-1; l) 9 . (4) 

IlycTb r - oTKpbiTaH rpaHb MHororpaHHHKa "Pj -1 , co^epjKan^aH TOHKy ^r-c' G Vf ~ ■ CoraacHO o6o3Hane- 
hhk), 3Ta rpaHb HMeeT bh^ r = r 9 - -5 fljia HeKOToporo s G [1; h HeKOToporo pa36neHHH J = (J\, . . . , J s ) 



(3) 
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MHOJKeCTBa Cf t l ~ {1, •••,(?} Ha S IIO/IMHOJKeCTB Jk ~ {pr k _ 1 + l, ■ ■ ■ ,Pr k }; 1 < k < S, CM. (JT]). HanOMHHM, 



hto rpaHb r coctoht H3 Bcex ToneK c = (cx, . . . ,c q ) G = W 1 , pjin KOTopbix 



(cp rfc _ 1+1 ,...,c Pr J G conv ^S rfc _ rfc _ 1 (r fc _i + 1 - ^y^,...,r fe - ^y^)l , 1 < k < s, (5) 

cm. ([TJ. IIojiojkhm to : = — 1 + |, tk '■= Cp Tf _ (/) — npH 1 < < s, t s+ i := 1 — |. Onpe^ejiiiM (pyHKUHio 
^ = ^c(/),e : [-§; |] h 1 ; !] 4)opMyjioft 

s 

ft(*) = h c (f)At) :=t + tp+ y^ftfc+l ~ tfc)I, r fc !. ,r fc +l !. (<), --<*<-, (6) 

K=0 

rfle J ai b G C°°(R) - rjiaflKoe flBynapaMeTpiinecKoe ceMeitcTBO (pyHKULifi c napaMeTpaMH a <b, Taxoe hto 

^,6 ^ 0) 4,6|(-oo;(2a+&)/3] = H 4,6 1 [(a+26)/3;+oo) = 1 (onpe^ejieHHOe, HanpHMep, KaK B [TJ (6)]). 

JleMMa 1. 0yHKV ) uji h = h c ff\ £ : [— |; |] — > [— 1;1] nejifiemcfi du$(fieoMop(f)U3MOM ompe3Koe, npuueM 
to < < • • • < *s < £s+i- KpoMe mozo, eunojinenu CAedytov^ue ycAoeun: 

1) /i c (/),e( c j) = c j + *fc = c i(/) ^ah Jiio6o8o j G Jfc C {1, . . . , q}, 1 < k < s; 

2) e neKomopou oKpecmnocmu MHoatcecmea {c^, . . . ,c' q } U {— |, |} 6 [— |; |] eunojiHeno h! = 1; 
ec/m 1 < u < s, = k$ < k\ < . . . < k u = s u 



C ^ € ^,/(^Y T (JlU...UJ fcl ,J fcl+1 U...UJ fc2 ,...,J fell _ 1 +lU...UJ fc j)> ( 7 ) 

mo t\ = . . . = ^ < tfci+i = • • • = tk 2 < • • • < *fe«-i+l = ■ ■ ■ = tk u - 

/^OKa3aTejitCTBO. IloKajKeM, hto to < ti h i s < t s+ i. Tax KaK Cj(/) G [— 1 + 3e; 1 — 3e] b cnjiy j3]), 
c'j G (-§; f ) b cnjiy ©, to t x - t = c Pri (/) - d pn + 1 - f > 0, t s+1 - t s = 1 - § - c Prs (/) + > 0. 
IloKajKeM, hto ti < ... < t s . M.3 BH^a rpaHeft nepMyTos^pa V q ~ l (cm. o6o3HaHeHHe) ane,n,yeT, hto 

6 -n<7-l 



-T'J -1 = {c=(c 1 ,...,Cg)eH° f ^Ri | $(c) = 0, $ 7l (c) < 0, ^ Ji C {1, . . . , q}} , 



9 + 

, ,,, ,k,., <Ti <r» . . 



rpp jiHHeiiHbie cpyHKii;HH : — )■ R onpe,n,ejieHbi cpopMyjiaMH 



$(c):=c 1 + ... + c 3 , ^(c):=-E c , + ^E(-^) = -E c , + ^iT^I- 

ieJi 9 + 1 i=i 1 jeJi {Q + j 

B TOHKe c' flOCTHraeTCH MHHIIMyM (pyHKUHH ^(c) := ^|c(/) — c| 2 no BCe-M TOHKaM C G ^]-'P|~ 1 - PaBeHCTBO 



r g-2 

Jl = J\ U . . . U Jfc fljia HeKOToporo k G [1; s — 1]. LTo TeopeMe KyHa-TaKKepa |10| BbinairaeHO 



$Jj(c) = paBHOCHJIbHO TOMy, HTO C G T IloSTOMy paBeHCTBO #J x (c') = paBHOCHJIbHO TOMy, HTO 



s-1 



grad$(c') + Agrad^(c') + E x k grad $j iLJ uJfc (c') = 

fc=l 

fljia HeKOTopbix MHOJKHTejiefi JIarpaHJKa A, Ai, . . . , \ s -i G R, A& > 0. OTcio,fl,a 

s— 1 s s—1 

c (/) - c ' = A(ei + . . . + e q ) - E A fc( e Pi + • • • + e Pr J = E( A ~ E A *)( e P. fc _i+i + • • • + e P r k . 

k=l k=l i=k 
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IlosTOMy fljia jiio6oro j G Jk HMeeM Cj(f) — c'j = A — Ylt=k ^i- OTCiofla t\ < . . . < t 8 . 

H3 paBeHCTB h{— |) = — I + io = — 1> ^(|) = § + Wi = 1> HepaBeHCTB to < ti < . . . < t s < t s+ \ h 
Hey6biBaHHH cpyHKHnn cne/ryeT, hto h G Diff([— |; |], [— 1; 1]). 

OcTajiocb ,a,OKa3aTb BbinojiHeHiie cbohctb l)-3). J^jih KajKfloit cpyHKHiin I a ^ H3 onpe^ejieHHH cpyHKHHH 
h HMeeM b — a = . OTCiofla n H3 onpe,n;ejieHHa cpyHKHHH I a ^ cjie/ryeT, hto b 37^31 -OKpecTHOCTH tohkh 

— I b [— |; |] HMeeM = t+io> B 3( g +i) ^OKpecTHOCTH OTpe3Ka (-^^j— — ^)e; (^+1 ~~ HMeeM h(t) = 

t + tki 1 < /C < S, a B 3(g+!) ~OKpeCTHOCTH TOHKH | B [— |; |] HMeeM =t + t s+ \. C flpyrOH CTOpOHbl, 

H3 ycjioBHH y^r-c' G cjie,zryeT, hto fljw jno6oro j G Jk BbinojiHeHO G ( rfe ~_^ — |)e; (^j — |)e , 
cm. ([5]), OTKya,a fo(e') = • + ifc, 1 < & < s. 

/T,jih jno6oro c G 71-^ .(txt'T/T,, ,,r ? mm? ? mm? HMeeM c-7r^_ tic) = Y^t-Au — 
Hi - ... - Hu-i)(e Pr +1 + . . . + e p ) fljra HeKOTopbix [i, fix, ...,/J, u G R, /ij > 0. 3HanHT, b cjrynae ([7]) 
BbinojiHeHO = . . . = t^ = — li% — ■ ■ ■ — fJ-u-i, 1 < * < r,a;e &o := 0. JleMMa [I] ^OKa3aHa. □ 

^OKa3aTejitCTBO TeopeMH 1. IHaz 1. Ecjih q = 0, to F° = F 1 h ^OKa3biBaTb Henero. ETycTb ,oajiee 
hhcjio ce,n;eji g > 0. ConocTaBHM ocHameHHOH cpyHKHHH Mopca (/, a) G F 1 cpyHKinno Mopca / := h^ 1 of, 
ryje h = /i c (/),e(/,a) - flHcpcpeoMopcpH3M H3 jieMMbi[TJ H3 jieMMbi[T]H onpe^ejieHHH [I] cjie^yeT, hto (/, a) G F. 
TaK KaK h[-l; 1] = [-§; §], to f (f,a) G F . IIoKaHceM, hto |(/,a) G F°. Tax K a K c(/) = c' G -^{P q f X , 
to c(|/) = |c' G -^iVj~ l . 3to ,j],OKa3biBaeT BbinojiHeHHe ycjiOBHH (i) H3 onpe^ejieHHH[2]npocTpaHCTBa F°. 
OcTajiocb npoBepHTb ycjiOBHe (ii). IlycTb 7 - cenapaTpnca ocHameHHOH cpyHKH,HH (f,a), coe/i;HHHioHi,aH 
ce^jioBbie tohkh yi, i/j G Cj x = C^\, 1 < i < j < q. Tor,n,a 

Cj \ + \ I a\ = \ [ df\ + \ f a\ = f (\df\ + |a|) > / \/4f 2 + « 2 > Pf,a(Vi>Vi) ^ 3e 



b CHjiy ([3]). ripe/HTOJioJKHM TaKJKe, hto ce,n,JiOBbie tohkh npHHa^jieacaT o^HOMy h TOMy JKe no^MHOJKecTBy 
Jk pa36neHHH J, r^e 1 < k < s. Tor^a H3 jieMMbi [T] cjie,a;yeT, hto Cj = + tf. h Cj = c'j + tk, a noTOMy 
Cj — Cj = 4 — Cj- . OTCiofla, c yneTOM c^c'j G (—§;§), nojiynaeM \ci~ Cj \ = \ — c'j \ < e, hto npoTHBopeHHT 
BbiuienpHBefleHHOMy HepaBeHCTBy. TaKHM o6pa30M, |(/,a) G F°, h B03HHKaeT OTo6pa»ceHHe 

p s : F 1 — >■ F°, (/, a) |(/, a) = (^c,,,) ° /, «) ■ (8) 

ilTaz ,H,OKajKeM HenpepbiBHOCTb OTo6pa»ceHHH ^3: F 1 — )• F°. 

/T,jih jno6bix k G (0; 1) h c G (—1 + k; 1 — k) 9 paccMOTpHM flncpcpeoMopcpHSMbi ?7i| : [—1; 1] — > [— §; f ], 
1 1 — ^ ^t, h /i CjK o m« : [— 1; 1] — > [— 1; 1], cm. ([6]). IIoKaJKeM, hto conocTaBjieHHe 

H : (c, k) i-> h CiK o m«i G Diff [— 1; 1] 



HenpepbiBHO Ha MHOJKecTBe TaKHX nap (c, k), hto c G (—1 + k; 1 — k) 9 h k G (0; 1). IlycTb (c, k) - jiro- 
ban napa H3 stoto MHOJKecTBa, h r := r,-j- — OTKpbiTan rpaHb MHororpaHHHKa V g ~ , coflepjKamaH 
TOHKy 7T g (n) G V" 1 . H3 onpe,n,ejieHHH /i CK h HenpepbiBHOCTH 7r_^ cjie^yeT HenpepbiBHOCTb orpa- 

K 9+1 q+l 

HHHeHHH H Ha MHOJKecTBO TaKHX nap (c', «;'), HTO ^r-TT K i (c') G r. OcTajiocb npoBepHTb HenpepbiBHOCTb 

9+1 

B TOHKe (c, K) OrpaHHHeHHH H Ha MHOJKeCTBO TaKHX nap (c',k'), HTO c' G 7T _ J (~^l T ) U 7I ""«' (~Xi r l)! 

9+T q+T 

O -1 

/;jih jho6oh OTKpbiTolt rpaHH T\ MHororpaHHHKa V q ~ . H3 HenpepbiBHOCTH ix_s L _ cjie/i,yeT, hto ecjin c G 

9 + 1 

to r C n. Tor^a rpanb r, HMeeT bh A n = t {J ^ ^J kl ,J H ^. ..uJ k2> . .,J ku _ 1+1 u...uJ ku y 
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CorjiacHO jieMMe [T] HMeeM t\ = ... = < t^+i = ■ ■ • = ifc 2 < • • • < tk u _ 1 +i = ... = tk u . 3Ha- 
hht, /i CjK (t) = i + t + ~ t K) 1 ^k % !, ,r fc .+i (t), r/;e fc := 0, T.e. flH(p(peoMop(pH3M h c>K 

(q + l 2> K '( q+l 2> K 

onpe,n,ejiaeTC5i toh jkb cpopMyjioii, hto h /i c / )K / npn c' G 7r~, (rrr T l)- HenpepbiBHOCTb H flOKa3aHa. 

9+1 

CoraacHO ©, BbinojiHeHO p 3 (f,a) = j{j^(h~(f),e(f,a) ° °^ = tt H ( c (f)> e (^' a ))) _1 /' <fe) a )- 
OTo6pa»ceHHe Diff [— 1; 1] — > Diff [— 1; 1], H t— > x , HenpepbiBHO b C^-Tonojiornn b cnjiy [1] jieMMa 
10.1]. OTcro^a, a TaK»ce H3 HenpepbiBHOCTH cpyHKHHH e = e(f,a), conocTaBjieHHH / 1— > S g c(/) G M 9 /£ g h 
OTo6pa»ceHHa (cm. Bbiuie), cjie/ryeT HenpepbiBHOCTb OTo6pajKeHHH ^3. 

ZZ/ag 5. IloKajKeM, hto OTo6pa:sceHHe BKjuoneHHH ^3 : F° ^ F 1 HBjraeTCH roMOTonHHecKoft 3KBHBajieHT- 
HOCTbro. Koivino3Hii,HH 23 o p 3 : F 1 — > F 1 nepeBo/niT (/, a) i-> f (ft. -1 o /, a), iyje e = e(/, a), /i := h c if\ E G 
Diff([— |; |], [—1; 1]), cm. jieMMy[T] 3aflaflHM roMOTonnro stoh komho3hhhh b idjn (popMyjioft 

(/, a) ^ (f t , a t ) := (1 - t) ■ ^(h' 1 o /, a) + 1 ■ (/, a), < t < 1. 

QyHKHHH /i HBJIHeTCH (pyHKIHieH Mopca H3 F 1 C TeMH >Ke JTHHHHMH ypOBHS H TeM JKe MHOJKeCTBOM 
KpiiTHHeCKHX TOHeK, HTO H y (pyHKHHH /, npHHeM B CHJiy HaCTH 2 JieMMbI [T] CpyHKHHH ft B OKpeCTHOCTH 
KaJKflOH KpiITHHeCKOH TOHKH OTJIHHaeTCH OT / ^OMHOJKeHHeM Ha nOJIOJKHTejIbHOe HHCJIO (1 — t) 2 + i H 

npn6aBjieHHeM HeKOTopoft KOHCTaHTbi, a cpopMa at OTjinnaeTCH ot a ^OMHOJKeHHeM Ha to ace caMoe hhcjio. 
OTCiofla cjie/ryeT, hto roMOTonnn He bubo/hit H3 npocTpaHCTBa F 1 . 

IloKajKeM, hto orpaHHHeHHe Ha F° stoh roMOTonnn He bubo/hit H3 npocTpaHCTBa F°. Ilpn OTo6pajKe- 
hhh m-2 o tt_^_ A 2 tt>9-i o6pa3 jik>6oh OTKpbiToii rpaHH — rr 7 " MHororpaHHHKa — tt'P? -1 JiejKHT b rpaHH 

E 9 + 1 " q+l' f 1' 9 + 1 / 

^jT. OTCiofla cjie/ryeT, hto ecjin c(f) G ^-r, to c(/ t ) = (1 - i)| vr_i_ i/ (c(/)) + ic(/) G ^-r npn 
< t < 1. 3HaHHT, nape (/t, at) OTBenaeT to JKe pa36neHHe J = (Ji, . . . , J s ), hto h nape (/, a). IlosTOMy 
BbinojiHeHHe ycjiOBHH (ii) ^jih nap (ft, at), < t < 1, cjie^yeT H3 BbinojiHeHHH aHajiornnHoro ycjioBHH 
/i,jih napbi (/, a), c yneTOM at = ((1 — t)| + t)a. 

IIo nocTpoeHHio , o6a OTo6pajKeHHa ^3,^3 h roMOTonna i^^-SKBHBapHaHTHbi. TeopeMa [T] flOKa3aHa. 

4. IIpHMeHeHHe k HCCJieflOBaHHK) roMOTonHiecKoro Tana npocTpaHCTBa cpyHKLi,HH Mopca. 

06o3HannM nepe3 F := F„ q r .^g-f(M) npocTpaHCTBO, nojiyneHHoe H3 i^, i9iI .(M) BBe^emieM HyMepan,HH y 
HeKOTopbix H3 KpHTHnecKHX ToneK (Ha3biBaeMbix OTMeneHHbiMH) fljia (pyHKnnn / G Fp^^(M), r^e p,r,q 

- KOJIHHeCTBa OTMeneHHblX KpHTHHeCKHX TOHeK JIOKajIbHblX MHHHMy MOB , MaKCHMyMOB H Ce^JIOBblX TOHeK 

cooTBeTCTBeHHO. IlycTb F° := F° ^---(M) h F 1 := F* g r .~~~(M) - cooTBeTCTByioHi,He npocTpaHCTBa 
ocHameHHbix cpyHKn,nn Mopca. IlycTb C ^ ± — npocTpaHCTBO /],H(p(peoMop(pH3MOB, roMOTonHbix idju 
b Kjiacce roMeoMopcpH3MOB . CHa6flHM C^-TonojiorHelt npocTpaHCTBa F, F 1 ,^ , cm. [1, §4]. H3 pe3yjn>Ta- 
tob |11| [T2| [13] cjie,ayeT, hto HMeeTCH roMOTonnnecKan 9KBHBajieHTHOCTb 

SPnRga, (9) 

rfle i?^o — oflHo H3 MHoroo6pa3HH 5"0(3) (npn M = S 2 ), T 2 (npn M = T 2 ) h Tonxa (npn x(M) < 0). 
IlpeflnojiojKHM, hto KOJinnecTBO OTMeneHHbix KpHTHnecKHX ToneK p + q + r > x(M). IlycTb 

- KOMnjieKC ocHameHHbix cpyHKH,HH Mopca h co,a,epjKam,ee ero 3g-MepHoe MHoroo6pa3ne (cm. [3J §4]). 
CorjiacHO jj] §4], HMeeTCH roMeoMopcpH3M Ev: F 1 /^ — > Ai. PaccMOTpnM yHHBepcajibHoe npocTpaHCTBO 
MOflyjieit K.°° := Ev(F°/i^ ) C M cneu,HajibHbix ocHameHHbix cpyHKi^nii Mopca. 

TeopeMa 2. IJycm-b eunoAnenu yc/ioeun meopeM,u\\\ u KOAuuecmeo omMeueHHux KpumuuecKux moueK 

p + q + ?> X (M). (10) 
MMewmcsi aoMomonuuecKue aKeueaAenmHocmu u 20MeoMop<f)U3M F ~ F 1 ~ F° ~ x K°° ~ R^o x K. 
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Onpe,a,ejieHHe 3. <DyHKiniH Mopca f,g G F Ha30BeM uaomonnuMu (/ ~i so t <?), ecjm Han/ryTCH TaKHe 
flH(pdpeoMop(pH3Mbi hi G h /12 G Diff + (IR), hto / = \i2ogoh\ nh\ coxpairaeT HyMepanino OTMeneHHbix 

KpHTHHeCKHX TOHeK. MHOJKeCTBO CpyHKHHH H3 F , H30TOnHbIX /, o6o3HaHHM Hepe3 [/] . 

JleMMa 2. HMeemcsi @° -dKeueapuamriHuu zoM,eoMop$u3M F° ~ x IIpu amoM K°° nensiemcsi 

ciuibHUM de$opMav,uoHHUM pempaKmoM JM, oK - ciuibHUM decfiopMav^uoHHUM pempaKmoM 

^OKa3aTejitCTBO. IlepBoe yTBepjK^eHHe jieMMbi cjie/ryeT H3 cymecTBOBaHHH f^°-3KBHBapHaHTHoro ro- 
MeoMopcpH3Ma F 1 ~ x Ai, corjiacoBaHHoro c Ev (cm. [H §4]). B ciury TeopeMbi [TJ OTo6p a JKeHiie 

BKJIIOHeHHH F°/^° ~ IK 00 <^-> .M ~ F 1 /^ HBJIHeTCH TOMOTOnHHeCKOH 3KBHBajieHTHOCTbK). 

CorjiacHO [3], hmciotch 3aMKHyToe noKpbiTHe IK = UmBr^i h OTKpbiToe noKpbiTHe A'f = U[j].A/f>_m, 

TaKHe hto D[j] C Aiy[f], a TaKJKe HMeioTca BbinyKjibie MHOJKecTBa Dy^ C <SV[/] C = W 1 , C 

UPS C -ffrjj = M 2<? , TaKHe hto OTo6pa»ceHHe BKjnoneHHH D^j -^H/l ecTb KOMno3HUHH B^j ~ (-^[/] x 

^Lf])/ [/] c ('-'H/] x ^[/p/ Lfl ~ -^H/l' r,fl ' e [/] ~~ r Py nna ) fleitcTByromaa cbo6o,hho, /nicKpeTHo h noKOM- 
noHeHTHO Ha SVf/] x UPS (6ojiee TOHHbie onpe^ejieHHa cm. b [SJ §4]). H3 onpeflejieHHH "BbinHCjrinomero" 

OTo6p a JKeHHH Ev: F 1 M (cm. [4, §4]) ane/ryeT, hto K°° = U[/]B?£, iyie B^ » (Z)^] x [/7>S)/f [/]. Otcio- 

,n;a (.A4,K°°) - napa nojiH3,zi;poB (a noTOMy KopaccjioeHHe no TeopeMe BopcyKa, cm. |14l §5.5]). IIosTOMy 
IK 00 - cHjibHbilt ^e(popMan;HOHHbiH peTpaKT MHoroo6pa3HH A4 (cm. |15l Di. 1, §4]). 

CnjibHaa flecpopMan,HOHHaji peTp aKixHsi fljra napbi IK C K°° nojiynaeTCH H3 CHjibHbix ^ecpopMaHHOHHbix 
peTpaKinin ,a;jia nap coce,a,HHX npocTpaHCTB b nenonKe K = lU K.^ C K U IK§° C IK U IK^° C . . . C 
IK U IK^ C L 1 = IK 00 , r^e K.£° := Lidim D^Kk^ff] C IK 00 . CnjibHyio flecbopManiioHHyio peTpaKiniio fljia: napbi 
IK U K^Lj C IK U IK^° onpe,n,ejiHM c noMombio cnjibHbix ^ecpopManHOHHbix peTpaKHHii fljia nap ((-D[/] x 
U [f] ) U (5%] x f/~))/f [f] C (£»[/] x f/~)/f [f] , TaKHX hto dimD^] = k (cm. [3., §4]). □ 

^OKa3aTejitCTBO TeopeMbi O IIo TeopeMe Q] n jieMMe [2] BbinojmeHo F 1 ~ F° x IK 00 ~ x IK. C 

yneTOM ([9]) h toto, hto 3a6biBaioHiee OTo6pa»ceHHe h OTo6pa»ceHHe BKjnoneHHH F 1 — > F 1 F hbjihiotch 
roMOTonnnecKHMH 3KBHBajieHTHOCTHMH (cm. [1] TeopeMa 2.5]), nojiynaeM TeopeMy^l □ 

Abtop npnHOCHT 6jiaro,a,apHOCTb C.A. MejinxoBy, fl.A. IlepMHKOBy h A.T. OoMeHKO 3a nojie3Hbie 
3aMenaHHH h o6cyjK,zieHHa. 

Pa6oTa nacTHHHO no^epjKaHa rpaHTOM PcD^M JY 2 10-01-00748-a. rpaHTOM nporpaMMbi "Be,zryiiiHe 
HaynHbie hikojim PO" HUI-3224. 2010.1, rpaHTOM nporpaMMbi "Pa3BHTne HaynHoro noTemrnajia Bbicnieli 
hikojim" PHI1 2.1.1.3704 «CoBpeMeHHaa /i,H(p(pepeHn,HajibHaH reoMeTpna, Tonojiorna h npnjioJKeHna» 
n rpaHTOM OLI,n «HaynHbie h HayHHO-neflarornnecKHe Ka^pbi HHHOBau^HOHHOH Pocchh» (KOHTpaKTbi 
W 02.740.11.5213 h W 14.740.11.0794). 
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